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Kosterlitz—Thouless Transition for the
Finite-Temperature d =2+ 1, U(1) Hamiltonian
Lattice Gauge Theory
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We prove that in the d=2+1, U(1) Hamiltonian (continuous time) lattice
gauge theory the confining potential between two static external charges grows
logarithmically with their distance, at sufficiently high temperatures. As it is
known that for zero or low temperatures and large coupling constant the model
confines linearly, we have therefore established the existence of a Kosterlitz—
Thouless transition. Our results are based on a Mermin—-Wagner type of
argument combined with correlation inequalities and known results for the
two-dimensional (spin) Villain model.
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1. INTRODUCTION

It i1s by now a well-known fact that the interaction potential of a static
“quark—antiquark” pair in a 3-dimensional U(1) lattice gauge theory is
confining. The first rigorous result was probably obtained by Glimm and
Jaffe.") They used a technique developed by McBryan and Spencer® to
prove that the interaction potential increases at least logarithmically with
the distance. Their result applied to a discrete “time” version of the model
and at zero temperature for all values of the coupling. Stronger results
which give linearly increasing potential at zero temperature were obtained
by Gopfert and Mack.?) More recently, Borgs® showed that linear
confinement holds also for low temperatures and strong coupling. His
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result remains true in the quantum version (continuous “time”) of the U(1)
model.

The reason why the 3-dimensional U(1) model exhibits permanent
confinement of static “quarks” is related to the Mermin-Wagner
phenomenon, !> that is, the absence of spontaneous breaking of a
continuous symmetry at low dimensions. This mechanism implies a priori
bounds for the decay rate of certain correlation functions which are related
to the interaction potential ¢

In this paper we consider a two-dimensional lattice Hamiltonian gauge
theory, with symmetry group U(1). Such a theory is equivalent to a three-
dimensional U(1) Euclidean lattice gauge theory in the limit of zero lattice
spacing in “time” direction (see, for instance, refs. 7-9 and references
therein). We first present a quantum version of the Spencer—McBryan
ideas'® to show that the basic Glimm-Jaffe result survives the continuum
time limit, by proving that the interaction potential is at least logarithmi-
cally increasing with the distance for all values of the coupling g. The result
is proved to be true at temperatures 8 ' > 0 and applies also to any sym-
metry group whose center contains U(1)."'%'") Further, by the use of
correlation inequalities we show that for high enough values of (8g) ! the
interaction potential is bounded from above by a logarithmic function.
Hence, we conclude that at high temperatures (or small coupling) the
long-distance asymptotic behavior of the potential is logarithmic. Com-
bined with the results in ref. 4, we have therefore rigorously established the
existence of a Kosterlitz—Thouless type of transition, with the potential
changing from linear to logarithmic at a critical temperature 7.(g) for g
large enough. Our findings confirm the heuristic arguments of ref. 15.

In Section 2 we define the model and state the confinement problem.
The main results and proofs are given in Section 3.

2. THE MODEL AND THE CONFINEMENT PROBLEM

We shall work in the square lattice Z? (unit spacing).

To have things well defined, we will set the model in a finite square
volume A < Z* (with periodic boundary conditions for instance) and we
take A4 — Z* at the end. In order to have the notation as simple as possible,
we will not write explicitly the volume dependence in most of the following
formulas.

A unit vector in the k (k =1, 2) coordinate direction will be denoted
by &, while Z>* denotes the set of ordered links in Z?,

7" ={l=(x,x+k),xe7% k=1,2}
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To each link /= (x, x + k) there corresponds a copy of the Hilbert
space L*[0,2n], link variables 8,=0(x,k); 0<0,<2n, and angular
momentum operators in L°[0, 2r],

10
LIE L(X, k)zya—g‘
!

with periodic boundary conditions.
The Hilbert space for the model is the tensor product # =

® «x L’[0, 27]. The Hamiltonian operator for coupling constants g, >0,
g 1S given by

0° - . _
H=—g:Y 2m—gy Y cos[(x, k) +0(x+k, j) —60c+]. k)= 0(x, )]
/

! x

k;J'
We will often write for short

H=g.Hg+ gMHM:gEZL/z_gMZCOS 9p
]

p
where

0,=Y 0,=00x,k)+0(x+k j)—0(x+j, k)—0(x, j)

lep

with 8,= —8_, and p denotes an oriented plaquette in Z* (see Fig. 1).
We now define gauge transformations: given a function ¢ from Z° to

[0,2x], ie.,

¢: xeZ® - ¢(x)e[0,2n]

A A
2 ~8(x+2
X+2 ——éﬂﬁ_ XA+ A+2

~8(x,2) 9(x+1k,’2\)

X Q(K'i) X+ 4

Fig. 1. An oriented plaguette.
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they are defined by the map [0, 2114 > [0, 2717,
0(x, k) = 0(x, k) — ¢(x) + p(x + k)
A gauge transformation @ is unitarily implemented by the operator

=[Texp{ilo(x)— @(x +4)] L(x, k)}
x,k
Alternatively, U(@) can be written

Ule) —exp{2<ﬂ x)[L(x, k) = (xﬂ/%k)]} (1)

Gauge invariance may be stated as
Ulg) HU (9)=H (2)

for all gauge transformations ¢.
It follows from (1) and (2) that

[O(x), H]=0
where
Q(x)=Y [L(x, k) — L(x -k, k)] (3)

Q(x) is the local generator of gauge transformations and by (2) it
defines a locally conserved external charge with eigenvalues

q(x)=0, £1, £2,..

Therefore we can decompose # into sectors (subspaces) of
well-defined external charges, each of these sectors being invariant by the
time evolution operator exp(—itH). They are labeled by functions

q xeZ’—>qg(x)eZ

which signal the value of the external charge g(x) sitting at x e Z2

The vacuum state (the ground state of H) belongs to the sector with
no charges, the one labeled by the function q=0.®" The Hilbert space #
allows not only the situation of no external charges, but also any given
distribution of charges, q.

We may write the projection operator onto each of these sectors as

1
Py= (2n)l/llj Lexp(—i@-q)] U(o)de

where q- ¢ =3, q(x) ¢(x) and do =TT, do(x).
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We are now in a position to define the interaction potential between
two external charges ¢ and —g¢ (“quark” and “antiquark” pair) at relative
distance R. Owing to the translational invariance, we may put the charge
g at x=0 and —g¢ at x=R. The interaction potential at inverse tem-
perature f is then defined as the difference between the free energy corre-
sponding to the configuration with the two charges minus the free energy
of the vacuum sector (no charges).

More precisely, if we define the configuration g, by

q for x=0
g(x)=< —¢ for x=R
0 otherwise

the interaction potential V{(f, R) is given by

V(B, R)= 1 lim In <—Zﬁ> 4)
’ B ﬂ A— 0 ZQ

where Zy,= Trlexp(—pH) qu] and Z,=Tr[Pyexp(—pH)]. Here P, is

the projector onto the sector with the two specified charges and P, projects

onto the vacuum sector. [Implicit in (4) is the infinite-volume limit

A7

To obtain the interaction potential V(R) at zero temperature we have

to take first the limit f§— oo (keeping |A4| fixed) and only then taking
A A 7%

. .1 Z,
V(R)= — lim lim —In (——2>
A= fow ‘B ZO

3. RESULTS AND PROOFS
Our first result may be stated as follows.

Theorem 1. The infinite-volume limit interaction potential V(f, R)
of the two-dimensional U(1) Hamiltonian lattice gauge theory satisfies

d’p 1—cosp-R
2n)*  E(p)

B RIZ 5 0g -1 |

for all values of 8, g,>0, g4, and where E(p)=23,_,, (1 —cos p,) with
P-R=p R +pR,.

822/56/1-2-2
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Remark. The logarithmic lower bound on V(f, R) follows from the
theorem and from the inequality®

T Ep) e R

f" l—cosp-R d*p _ 1

Proof. Using Trotter’s product formula, we have

Zq 1

—=— lim S,

Zo Zonow "
1 n
== lim Tr[exp(—&H )quexp<~ﬂg—MH ﬂ
0]1——>00

The kernel of the operator exp(—oH ) P,, can be easily computed:

[P, exp(—aH )16, )

1
~ g |, deexp{~igLo®)—o(R)]}

T 1/2 + oo 1 . /
x)]}({(;) mzz_wexp[—z—oz(é)(x,k)—()(x,k)
+(p(x)—(p(x+/€)+2nm)2:|} (5)

From (5) it follows that

i

___1__f2"<1_[ e, dq))exp{—lq Z Lo:(0 wf(R)]}

x I {exp[— ﬂ—gA_lHM(01+l)j|

i=1

DG 5 o et

i <p,-(x)—<p,-(x+1€)+2nm]ﬂ} (6)

Next we perform an imaginary translation® for each x e 4:

©:i(x) = @;(x) + in(x)
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and estimate the integrand in absolute value to obtain
1Sl <exp{-—ngl[a(0)—a(R)]}

X exp{zﬁ EZ [a(x) —a(x +k)]? }
xTr[exp(—'B—géHE) p(-%‘—lﬂ )P]n (7)

We now choose

a(x)= » cx(x), xelZ*
with
) 1 cosp-x—cosp-(x—R)
CrlX)=—
: Al E(p)

Here A* stands for the set of allowed values of the “momentum”
variable p.
The following relations can be easily verified:

2.2

. g5 2 1—cosp-R
[o(x)—alx+K)])*< — S
Zk n? Al 54 E(p)

and

[igE l—cosp-R

HO) B =2 E(p)

(8)
Inserting (7) and (8) in (6) and taking the limit » — co, we get

Z,
e <exp {—ﬂgE(zq e ©)

1~cosp~R}
0 | 1]

seae Elp)

Finally, taking the logarithm of (9) and the limit 4 ~ 72, we obtain

d’p 1—cosp-R
~(2m)*  E(p)

V(B R) > ge2g—1) | (10)

and this ends the proof of the theorem.
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Remarks. 1. Obviously, as the estimate (10) does not depend on f,
it holds also for = oo (zero temperature).

2. As pointed out in the Introduction, the reason for the existence of
permanent confinement (at least logarithmic) is due to the existence of a
global, two-dimensional, U(1) symmetry in addition to the local gauge
symmetry. This is manifest in expression (6) by the transformation ¢,(x) —
@;(x}+ o (i fixed, ae [0, 27], VxeA). The Mermin—Wagner mechanism
forbids the spontaneous breaking of such a symmetry and imposes® an
a priori decay for correlations of functions of the ¢,. This is at the root of
the validity of the bound (10) for all values of § and g.

To proceed further, let us define an expectation value of an observable
A(9, @) by

CAY(Bges Bgm)

1 . LA
=EHILIY:O J—n <H d8, dq’i) A(8, 9)

i=1

<1 (oo = a0, 0| T {(22)”

i=1 xk Bge

+ oc

> exp[e,-(x,k)—e,-H(x,k)—wi(x)—w,-<x+12)+2nm12})

M= —x

(11)
where Z stands for the obvious normalization factor.
Correlation inequalities’' '¥ may be used for the ferromagnetic
coupling in (11) to give, for g,, =0,
CAY(BE e, 0) < CAY(BE e, B8 M) (12)
If we choose

A =exp{—ig[p(0) — o(R)]1} (13)

then, considering (5) and (11), the left-hand side of (12) is given by
1
(A(Pg . 0) == Tr[ Py, exp(— g Hy)] (14)
E

where Z,=Tr[ P, exp(—fgzHz) ]
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By using the kernel (5) in (14), one finds

(4>(Bgr, 0)
T B
::Z—W‘}O do exp{—ig[@(0) - ¢(R)]}
12 +o 11 R
Xn{<§g£> > eXp[—Eﬁ—g—[qo(x)—<p(x+k)+2nm]2]}
x,lz E k= —w £

(15)

But (15) is exactly the two-point function of the two-dimensional
(spin) Villain model (the periodized Gaussian approximation for the plane
rotator) at an effective inverse temperature f* = (8gz) "

For the two-dimensional Villain model the following result holds

Theorem (Frohlich and Spencer’®). There exists some finite
constant §& such that for g* > ¥
ql
2np’

<exp{—z‘q[qo(0)—<p<R>J}>(ﬁ*)>const-exp[— ln(1+|R|)]

for some positive 8’ = f'(f*), and ' — o0 as f* — oo.

By taking logarithms in inequality (12) and using the above theorem,
we obtain the following result for our model.

Theorem 2. For the two-dimensional U(!) Hamiltonian gauge
theory there exists a constant f, such that for < f,

B q°

V(B, R)S—EEIH(IHRI)

for some positive f” = B"(f), and " -0 as - 0.

Thus, Theorem 2 gives an upper bound for V(f, R) for § sufficiently
small. As Theorem 1 provides a lower bound for all values of S, we con-
clude that for small f, V{(f, R} has for large R a logarithmic behavior. This
is to be compared with a result due to Borgs,® showing that ¥(B, R) is
linearly increasing for large values of § and g. This configures a Kosterlitz—
Thouless transition for the model we are dealing with, whose phase boun-
daries are sketched in Fig. 2.

In Fig. 2, region I corresponds to logarithmic confinement, as estab-
lished in the present paper, while region Il is a linearly confining one, as
showed by Borgs.”) Probably the phase boundary (dotted line) extends
down to g=0, as suggested by the work of Gépfert and Mack,® which
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Fig. 2. A sketch of phase boundaries.

gives linear confinement in the entire 7=0 line in the case of a nonzero
lattice spacing in time direction. But we know of no proof of this in the
continuous time model.
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